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On the Genus of Finite Abelian Groups 
MARK JUNGERMAN AND ARTHUR T. WHITE 
The genus of a group is the minimum genus for any Cayley color graph of the group. Using the 
structure theorem for finite abelian groups and appropriate current graphs, we construct quadri-
lateral embeddings of minimum degree for such groups in almost all cases where this is consistent 
with the Euler formula, thereby determining the genus for these groups, in the majority ofthe cases 
considered. In the process, graph genus embeddings are obtained for certain repeated cartesian 
products of cycles. 
1. INTRODUCTION 
The concept of the genus of a group was formally introduced in 1972 [7], although 
several earlier papers touch upon this subject (see [7] for the historical development.) In 
the 1972 paper, all finite planar groups were listed, two families of toroidal groups 
(Z", x Z" for (m, n) ;;.: 3-for (m, n) = 1 or 2, Z", x Z" is planar-and certain dicyclic 
groups) were presented, and the genus was calculated for some finite abelian groups. 
Subsequently, the genus has been computed for some Hamiltonian groups [4], and for 
certain classes of metacyclic groups [2, 3, 10]. Moreover, Proulx [6] has classified all 
toroidal groups. 
The purpose of this paper is to extend the study of the genus parameter, for finite abelian 
groups. 
2. DEFINITIONS 
Let r be a group (r will always be finite, in this paper), with.1 a generating set for r such 
that: (i) e is not in .1 (e is the identity of r) and (ii) if {) is in both.1 and .1-1, then 82 = e 
(where .1-1 = {8 -lis E .1}.) The Cayley color graph CJ, (r) has vertex set r and, for each 
8 E.1 and g E r, a directed edge (g, g8) labelled-or colored-with 8. If S2 = e, we adopt the 
standard convention of replacing each pair of directed edges (g, g8) and (g8, g) by the 
single undirected edge [g, gS]. The graph 0J,(r) that results from CJ,(r) upon the removal 
from each edge of its label and direction is called the Cayley graph for rand.1. The genus 
1'(0) ofagraph 0 is given by: y(G) = the minimum k such that G embeds in Sk, the closed 
orientable 2-manifold (surface) of genus k. The genus y(r) of a group r is the minimum 
genus of any Cayley color graph for r, 
3. PRELIMINARY RESULTS 
The structure theorem for finite abelian groups (see, for example [1, p. 348]) states that 
any finite abelian group r has the form 
r = Z"'l X Zm2 X ••• X Zm" 
where milmi-lo 2 ~ i ~ r, and m, > 1. The number r is called the rank of the group. It is well 
known that any set of generators for r has at least r elements. Our discussion will treat 
several cases, depending on the rank and the residue classes modulo 2 of the numbers mj. 
We first establish a useful proposition. 
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PROPOSITION. Letr =Zml xZm2 X· .. xZm " m, ;;.3, and letN(r) = 1 +(r-2)lrI/4. If 
there is a quadrilateral embedding of a Cayley graph G,1(r) with 1.:11 = r, then the genus of 
this embedding is N(r). If m, > 3, then y(r);;' N(r). 
PROOF. Let.:1 be a generating set for r, and let.:1 have h generators of order 4 or more, 
k of order 3, and I involutions. We consider two cases, according as m,;;' 3 or, specifically, 
m,>3. 
Case 1. Let m,;;' 3 and write r = Z2u, X· •. X Z2ua X Zv, X· •• X ZVb' where VdVj-b 
UjlUj-b vllua, and (Vj, 2) = 1. Let N be the (normal) subgroup of r generated by the 
involutions of r; then rl N = ZUl X· •• X ZUa X Zv, X· .. X ZVb. Since m,;;' 3, we have that 
Uj ~ 1 ~ Vj, and h + k ;;. a + b = r. (Only the involutory generators are completely killed by 
this homomorphism.) 
Case 2. Now let m, > 3 and write 
where a + b + e + d = r, be = 0, and (Vj, 2) = (wj, 3) = (Yk, 6) = 1. Let N be the (normal) 
subgroup of r generated by all elements of r of order either 2 or 3; then 
Suppose that exactly s of the a numbers Uj are 1 and that exactly t of these s numbers result 
from generators of order 4 or more in r having been killed by the homomorphism. Since 
m, > 3, we have that Vj ~ 1, Wj ~ 1, Yk ~ 1, and thus h;;. (a -s)+b +e +d +t = r-s +t. It 
now follows that r';;; h + s - t,;;; h + (k + 1)/2. 
Summarizing the results of the two cases, we see that r';;; h + k ,;;; 1.:11 if m,;;' 3 and 
r';;; h + (k + 1)/2 if m, > 3. Thus if 1.:11 = rand m,;;' 3, then I = O. This means that each vertex 
of G,1(r) has degree 2r, so that the total number of vertices is !rl and the number of edges is 
rlrl. The Euler formula then shows that a quadrilateral embedding of G,1(r) has genus 
N(r). 
Now suppose m, > 3, so that r';;; h + (k + 1)12, and suppose s is an embedding of G,1(r) 
which attains y(r). We may assume that .:1 contains no redundant generator, since the 
edges corresponding to such a generator can be removed from s without raising its genus. 
Then any triangular region in s must have edges all arising from some generator of order 3. 
Thus, since k is the number of generators of order 3, no vertex is indicent with more than k 
triangles. This means that there are at most kIFI/3 triangles. Since there are no loops or 
multiple edges in G,1(r), the maximum number of regions, and hence the lowest genus of 
any surface in which G,1 (r) might embed, is achieved if there are this many triangles and all 
remaining regions are quadrilateral. Now, if q is the total number of edges in G,1(r), then 
2q = (2(h + k) + 1)lrl;;. (2(r - (k + /)/2) + 2k + 1)lrl 
= (2r + k )Irl, 
so that q;;. (r + kI2)lrl. With q edges and klrl/3 triangles, there can be at most 
(2q - klrl)/4 quadrilaterals. Thus the genus y of s satisfies 
y;;.l +~(q -lrl-klrI/3 -(2q -klrl)/4) 
= 1 +~(qI2-lrl- k1F1/12) 
;;.1 +~lrl(rI2 + kl4 -1- k112) 
=N(r)+klrI/12 
;;.N(r). 
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Thus to show that y(r) = N(r) in each case m, > 3, it suffices to find a quadrilateral 
embedding for some G.d (r) with 1..:11 = r. Of course, this is only possible when 4 divides 
(r - 2)lrl. Below, we exhibit quadrilateral embeddings in all such cases, except those 
previously known and the case r = 3 and m, odd. In particular, the possible cases where 
m, = 3 (r;;. 4) are not excluded, showing that y(r) ,,;;;N(r) in these cases. We note also that 
if 8i E r is the element with ith coordinate 1 and all others 0 and if ..:1 = {8d1,,;;; i,,;;; r}, 
then G.d(r) = Cm! X Cm2 X· .. X Cm" where Cm, is the cycle of length mi (see [7]). In some 
of the cases below we use such a ..:1, so that quadrilateral embeddings for the graphs 
Cm I X Cm2 X ... X Cm, have been constructed in those instances. To summarize current and 
previous results: 
THEOREM 1. Let r = Zml X Zm2 X ... X Zm" milmi-h m, > 1, and let N(r) = 
1-(r-2)lrl/4. Then: 
(i) If r = 1, then y(r) = O. 
(ii) If r = 2 and m, = 2, then yCr) = O. 
(iii) If NCr) is an integer, m, > 3, r> 1, and either m, is even or r ~ 3, then y(r) = N(r). 
(iv) If N(r) is an integer, m, = 3, r> 1, and r ~ 3, then y(r) ,,;;;N(r). 
THEOREM 2. Let mt, m2,"" m, be integers, milmi-t, m, > 2, and let G = 
Cm! X Cm2 x· .. X Cm,. Set N=N(ml, m2, ... , m,)= 1 +(r-2)(n;~1 mi)/4. Then: 
(i) If N is not an integer there is no quadrilateral embedding of G. 
(ii) If N is an integer and either m, is even or m, is odd and r == 2 (mod 4), then there is a 
quadrilateral embedding of G (and thus y(G) = N). 
The proofs of these theorems follow from the construction of the appropriate embed-
dings below. 
4. CURRENT GRAPHS 
To construct the required embeddings, we make use of the technique of current graphs 
(or reduced constellations). This theory is developed elsewhere (see [5, 8, 9], for example). 
Here we describe, often without proof, only those features necessary to the current 
endeavor. 
A current graph consists of a pseudograph G, with directed edge set D, a current group r, 
a current assignment A : D ~ r and a rotation ¢J : D ~ D such that A (d- I ) = (A (d»-l, for 
each dE D, and each orbit of ¢J Ca permutation) consists of the set of directed edges 
originating at some vertex of G. Here D contains two elements for each edge of G, 
corresponding to the two possible directions on that edge, and when d ED, d- I denotes the 
same edge with opposite direction. The restriction of ¢J to one of its orbits is called the 
rotation at the corresponding vertex. The rotation ¢J is used to define a circuit flow 
t/I: D ~ D by t/I(d) = ¢J(r\ The orbits of t/I are called circuits. The set of all circuits will be 
called C. The circuit containing d will be denoted c(d). 
A derived graph and an orientable embedding of it are constructed from the current 
graph as follows. The new graph G has vertex set r x C. The directed edge set D is r x D. 
The directed edge (x, d) has initial vertex (x, c(d» and terminal vertex (xA (d), c(d- I ». 
Due to the condition A (rl) = A (d»-t, the directed edges (x, d) and (xA (d), rl) are 
incident with the same vertices. The edge SAet of the derived ~raph ~ thus well defined as the 
collection of all such pairs. A rotation ¢J is defined on D by ¢J(x, d) = (x, t/I(d». Since 
c(d) = c(t/I(d», elements in a given orbit of c$ have the same initial vertex. All directed 
edges originating at (x, c) are of the form (x, t/l k (d», for some d in c, so in fact an orbit of c$ 
is exactly the set of directed edges originating at some vetex. Thus c$ is a valid rotation and, 
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by the Edmonds Embedding Theorem (see [8], p. 61), determines an orient able surface 
embedding of G, with region boundaries being the orbits of~, where ~(x, d) = cfo«x, d)-I). 
Since ~(x, d) = (xA (d), c/J (d)), a typical region boundary is 
(x, d), (xA(d), c/J(d)), . .. , (x ~~~ A(c/Ji(d)), d), ... , 
xC~~ A (c/Ji(d))) s-l ~~: A (c/Ji(d)), c/J -\d)), (x, d), 
where n is the degree of the initial vertex v of d in G and s is the order in r of the product 
rr7':-~ A (c/J i(d)). This s is called the order of the current source at v. If s = 1, v is said to satisfy 
Kirchoff's Current Law (KCL). Both nand s depend only on the local structure of the 
current graph at v, and it can be seen that each region in the derived embedding 
corresponds to some vertex in the current graph. Moreover, if n is the degree and s the 
order of toe current source at v, then all regions arising from v have n . s sides. 
Below, we restrict ourselves to the case where there is a one-to-one correspondence 
between the cosets of a subgroup II of r and the circuits in the current graph such that if llx 
corresponds to c(d), then llxA(d) corresponds to c(d-1). A current graph with this 
property is said to have index [r: ll]. In such a current graph, the derived embedding has 
[r : ll] isomorphic components, each induced by the set of vertices of the form (x, c (llax )), 
for some fixed a E r, where c(llax) is the circuit corresponding to the coset llax. In 
practice, the derived embedding is restricted to mean only the component with vertices of 
the form (x, c(llx)). Since the circuit is then determined by x, the second ordinate is 
dispensed with and the vertex set of the derived graph is taken as r. 
We may now describe sufficient conditions for a current graph to produce a quadrilateral 
embedding of a Cayley graph G.1(F). 
I. The current graph has r as current group and is index [r: ll] for some II ,,;;; r. 
II. For each circuit, the current map A is a bijection between the directed edges of the 
circuit and J u J -1. 
III. At each vertex the product of the degree of the vertex with the order of the current 
source is 4. In particular, vertices of degree 4 satisfy the KCL. 
Conditions I and II ensure that the derived graph is G.1 (0, provided that J contains no 
elements of order less than 3; this will always be the case, below. Condition III makes the 
embedding quadrilateral. 
The quadrilateral embeddings are constructed in several (occasionally overlapping) 
cases, as follows. 
(1) r < 3 or mr even. 
This case is fully solved in [7]. All embedded graphs are products of cycles. 
(2) r == 2 (mod 4), mr odd. 
Let Bi be the element of r with ith coordinate 1 and all others 0, as before. Take 
J = {B;!l,,;;; i,,;;; r} and let llj = {(aI, a2, ... , ar)1 L~=l ai == j (mod mr)}. Then II = llo is a 
subgroup of r, with index [r: ll] = m,., and the llj are its cosets. Figure 1 depicts a current 
graph satisfying conditions I, II, and III for these parameters. In the figure, the current 
assignment is represented by an arrow on each edge (giving it a direction) and a juxtaposed 
number giving the subscript i of the current Bi assigned to that directed edge. The current 
assigned to the opposite directed edge is implied to be Bi1• The vertex rotations are either 
clockwise or counterclockwise, with solid dots indicating the former and hollow dots 
representing the latter. A directed edge belonging to each circuit is indicated by a dotted 
• 
• 
• 
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arrow parallel to the edge in the appropriate direction, labelled with the coset correspond-
ing to the circuit, in square brackets. The remainder of each circuit is found by using the 
rotation. The subscripted capital letters indicate pairs of edge ends which are to be 
identified. The dots extending in either dimension represent the indicated repetitions of 
the pattern, to the extent required by rand mr• 
As further illustration, we give the sequence of currents on the directed edges in each 
circuit. These are known as the logs of the circuits. A full embedding scheme for the 
derived embedding can be obtained by adding x to each term in the log of the circuit 
corresponding to the coset containing x, to produce the line in the scheme corresponding to 
x as a vertex in the derived graph GJ.(r). Here j denotes 8j and J denotes 8jl. 
For j <mr -2, j even; [nj ]: r, r-1, r-2, r-3, r-4, r-5, r-6, ... , 2, 1, r, r-1, 
r-2, ... ,2, T 
For j<m r -2,j odd; [nj ]: 1,2,3,4,5,6, ... , r-1, r, T, 2, 3, 4, 
... , r-1, r 
[nm,-2]: r, 1, r, T, 2, 3, 2, 3,4,5,4,5, ... , 
r-2, r-1, r-2, r-1 
[nm,-d: r, T, r, 1, 2, 3, 2, 3, 4, 5,4,5, ... , 
r-2, r-1, r-2, r-1 
Note that since the 8; 's are used as generators, the embedded graph G J. (F) is Cm , X Cm2 X 
••• X Cm,. We also remark that this is the first usage known to the authors of current graphs 
of arbitrarily high index. 
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(3) r even, m. even. 
Let 'Yi be the element of r having first and ith coordinate 1 and all others 0 ( 1'. = 01, 'Yj = 
o.+ojoj>I). Let .:1={yill~i~r} and let n be the index 2 subgroup consisting of all 
elements with even first coordinate. Let n. be its other coset. Figure 2 depicts an index 
[r: n] current graph satisfying I, II, and III, with these parameters. The conventions for 
Figure 1 apply, except that the current numbers now represent subscripts of 'Y/s rather 
than Oi'S. Note that the size of this current graph depends only on r and that G4 (r) i' 
em! x em2 x ... X em,. 
• •• 
FIGURE 2 
(4) r odd, r ~ 5, ml and m2 even, m, odd. 
Let Ei> 1 ~ i ~ r, be as follows. If i is even, then Ei has first, second, and ith coordinates 1, 
and all others O. If i is odd and i i' r, Ei has first and ith coordinates 1 and all others O. For En 
the rth coordinate is 1 and all others are O. Then.:1 = {Edl ~ i ~ r} is a generating set for r. 
Let nijk be the set of elements of r whose first coordinate is congruent to i modulo 2, 
second coordinate is congruent to j modulo 2, and rth coordinate is congruent to k modulo 
m,. Then n = nooo is a subgroup of index [r: n] = 4m" and the remaining nijk are the 
cosets of n. Consider the four partial current graphs shown in Figure 3. In each of the four, 
the edges marked by A are to be identified, as are those marked B. The progression of 
currents indicated for I is also used in III and IV for edges having currents between 5 and 
r - 1, and except for reversal of edge directions, is used in II as well. All rotations are 
clockwise, except in II, where all are counterclockwise. The subscripted Greek letters 
inscribed in dotted circles indicate sets of four edge ends (those entering the circles) which 
will be identified between copies of the partial current graphs, as now described. For j = 0, 
2,4, ... , m, - 3, let E j be as shown in I in the figure; for j = 1,3,5, ... , m, - 4, let E j be as 
shown in II; for j = m, - 2, let Ej be as in III, and for j = m, -1, let Ej be as in IV. Note that 
if m, = 3, II is not used. Now identify each edge in a given set of four indicated by a 
subscripted Greek letter with the edge in the other set of four labelled by that letter which 
has the same current and consistent direction. For example, sets of four edges labelled <to 
occur in both Eo and E m , - I' In Eo there is an edge directed toward the dotted circle <to 
having current 1 (meaning El)' This edge is to be identified with the edge in E m,-1 which is 
directed away from the dotted circle <to and also has current 1. The result of these 
identifications is an index [r : n] current graph satisfying conditions I, II, and III. 
(5) r odd, r ~ 5, ml == 0 (mod 4), m, odd. 
Now if i is odd, let Ei have first and ith coordinates 1 and all others 0, except that E, has 
first coordinate 0 also. If i is even, then Ei has first coordinate 2, i-th coordinate 1, and all 
others O. Then.:1 = {Ei11 ~ i ~ r} is a generating set for r. Let nik be the set of elements of r 
whose first coordinate is congruent to i modulo 4 and whose rth coordinate is congruent 
to k modulo m,. Then n = noo is a subgroup of index [r: n] = 4m, and the nik are its 
cosets. Using the same methods as in the previous case, we combine the partial current 
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FIGURE 4 
graphs in Figure 4, to produce a current graph giving a quadrilateral embedding of G4 (r). 
Note that in this case as well as the previous two cases, GJi(r) ¥- Cml X Cm2 x· .. X Cm,. 
These five cases cover all situations where N(r) is an integer, except for allowing r";' 3 in 
the last two cases. We suspect that index 4m, current graphs exist for these cases as well, 
but have so far been unable to locate them. 
We note that embeddings attaining N(r) need not be quadrilateral, if mT = 3. For 
example, for r E 2 (mod 4) and m1 = m, = 3 (so that all mj = 3 and r = (Z3)'), we have 
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found embeddings of G.1(r), where.::1 = {8 i \1 0;;;; i 0;;;; r} as in Case 2, in the surfaces of genus 
N(F), with all regions either triangular or hexagonal. 
Finally, we note that the smallest abelian group whose genus remains unknown is 
r = (Z3)3; Proulx has shown that 5 0;;;; y(F) 0;;;; 10 and conjectures that the upper bound gives 
the exact value. 
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